There is a tension between measurements of the amplitude of the power spectrum of density perturbations inferred using the Cosmic Microwave Background (CMB) and directly measured by Large-Scale Structure (LSS) on smaller scales. We show that this tension exists, and is robust, for a range of LSS indicators including clusters, lensing and redshift space distortions and using CMB data from either Planck or WMAP+SPT/ACT. One obvious way to try to reconcile this is the inclusion of a massive neutrino which could be either active or sterile. Using Planck and a combination of all the LSS data we find that (i) for an active neutrino mν = (0.357 ± 0.099) eV and (ii) for a sterile neutrino m eff sterile = (0.67 ± 0.18) eV and ∆N eff = 0.32 ± 0.20. This is, however, at the expense of a degraded fit to Planck temperature data, and we quantify the residual tension at 2.5σ and 1.6σ for massive and sterile neutrinos respectively. We also consider alternative explanations including a lower redshift for reionization that would be in conflict with polarisation measurements made by WMAP and ad-hoc modifications to primordial power spectrum.
I. INTRODUCTION
A standard cosmological model has become established over the past few decades known as the ΛCDM model. It is specified by 6 cosmological parameters which are: the angular diameter of the Cosmic Microwave Background (CMB) acoustic scale, Θ MC ; the physical densities of cold dark matter and baryons measured relative to the critical density, Ω c h 2 and Ω b h 2 respectively; the amplitude, A S , and spectral index, n S , of primordial density perturbations; and the optical depth to reionizaton, τ R . These can be converted into more conventional quantities such as the Hubble constant, H 0 = 100 h km sec −1 Mpc −1 , the densities of matter and the cosmological constant, Λ, relative to critical, Ω m and Ω Λ , and the redshift of reionization, z re . The ΛCDM model appears to provide an excellent fit to the wide range of data that has been gathered over the last few years. The race is on to accumulate evidence for extensions to this model and a contribution to this goal is the objective of this paper.
Our approach will be to compare measurements of the spectrum of anisotropies of the Cosmic Microwave Background (CMB), that typically probe large scales, with those from Large-Scale Structure (LSS), that probe smaller scales 1 . Such an approach has a venerable history in the development of the ΛCDM model. Although the clinching piece of evidence was the detection of cosmic acceleration using type IA supernovae [1, 2] , there had been clear indications that a Universe with critical matter density did not fit the data. One simple way of seeing this was that the value of σ 8 , the r.m.s. perturbation in spheres of radius 8h −1 Mpc, for the COBE normalised critical matter density models was ≈ 1.5, whereas observations from a range of indicators suggested that it was in the range 0.7 − 0.9 favouring Ω m < 1 [3, 4] . The shape of the matter power spectrum was also in conflict with Ω m = 1 [5, 6] .
In this paper we will perform a detailed study of recent published observations that we believe challenge the standard cosmological model and, under the strong presumption that all the data used is accurate and free from systematics, suggest that the presently established concordance model needs to be supplemented by new physics. The basic approach is similar to that described above: we will compare the best-fit cosmological models predicted by CMB measurements from the Planck satellite [7] , the WiIkinson Microwave Anisotropy Probe (WMAP) [8] , the Atacama Cosmology Telescope (ACT) [9] and the South Pole Telescope (SPT) [10] with those predicted by probes of LSS. We will find a discrepancy between them that can be easily understood by plotting the best-fit contours in the σ 8 − Ω m plane. This discrepancy is much smaller than that between the ΛCDM model and one with a critical matter density as described above. Nonetheless, we will show that it statistically significant and robust to different combinations of CMB and LSS data.
This paper follows up our recent work on massive neutrinos presented in [11] (see also [12, 13] for other combinations of data leading to a similar result). There it was shown that both SZ cluster counts and lensing, from both the CMB and cosmic shear, were in conflict with CMB measurements and that a neutrino component -which could be from active or sterile neutrinos -could be used to reconcile these measurements. In turn this built on the earlier suggestion in [14] that tension between the CMB measurements and SZ cluster counts could be accounted for in this way. The fact that the SZ cluster counts and the lensing data are compatible with each other strengthens the two ∼ 2σ discrepancies into a statistically improbable discrepancy of ∼ 4σ. This reconciliation of measurements of large and small scales was at the expense of less good fit to the CMB data -the two being seen to be in conflict at the level of 2.8σ [11] .
Neutrino masses are an obvious way to explain a dearth of power on small scales. Particle physics oscillation experiments are sensitive to the square differences between the neutrino masses and cosmology is mostly sensitive to the sum of the masses, m ν . Using our results, the required values would suggest either an inverted/degenerate hierarchy or an extra neutrino that would need to be sterile. If the neutrinos are sterile it is possible that the best-fit model can be made more compatible with direct measurements of the Hubble constant from low-redshift standard candles such as Cepheids [15] .
The preference for massive neutrinos reported in [11] [12] [13] is a result of a global fit with an extended cosmological model. Clearly any systematic error in the data, or its interpretation, could lead to a false detection and therefore it needs to be treated with caution. Moreover, there are other extensions to the standard model that could lead to a similar result. We will explore a range of different data combinations and also a non-exhaustive range of alternative explanations for the tension, in particular optical depth assumptions inferred from WMAP polarization, and modifications to the primordial power spectrum. We find that although there is strong evidence for a discrepancy, in excess of 5σ, no one model is able to improve to fit to each individual likelihood component.
The data we will use in this paper are listed below.
• Planck + WP: We use measurements of the temperature anisotropy power spectrum made by Planck that have been extensively used for cosmological parameter analysis [16] . These results cover the multipole range ≈ 2 − 2500. This is implemented by using the standard likelihood [17] and uses the measurements of the polarisation and temperature-polarisation cross-correlation power spectra from WMAP 9 year data [18] .
• WMAP + highL: As an alternative to the Planck temperature measurements, we will use those made by WMAP [18] over the multipole range ≈ 2 − 800 complemented with higher resolution measurements made by ACT [9] and SPT [10] . As we will see in the subsequent discussion there are subtle quantitative differences between the conclusions that one draws if one makes this choice, but the qualitative results are the same.
• Baryonic Acoustic Oscillations (BAO): The ratio of the sound horizon at the drag epoch, r s (z d ), to the volume-averaged distance D V (z eff ), can be constrained using BAO. We use the results of several surveys which detect the BAO signal in the power spectrum: (1) the 6dF Galaxy survey [19, 20] , which constrains D V (z eff ) = (456 ± 27) Mpc and r s (z d )/D V (z eff ) = 0.336 ± 0.015 (4.5% precision) where z eff = 0.106; (2) the SDSS DR7 measurement at z eff = 0.35 as reanalysed by [21] , which constrains D V (z eff )/r s (z d ) = 8.88 ± 0.17; (3) the Baryon Oscillation Spectroscopic Survey (BOSS), which maps the spatial distribution of luminous red galaxies and quasars to detect the characteristic BAO scale. The Data Release 9 (DR9) results constrain D V (z eff )/r s (z d ) = 13.67 ± 0.22 at z eff = 0.57 [22] .
• SZ Cluster counts: Planck has detected clusters via the Sunyaev-Zeldovich effect. Using a sample of 189 clusters, cosmological constraints were deduced in the σ 8 − Ω m plane [14] . We will implement this using two priors: σ 8 (Ω m /0.27) 0.3 = 0.78 ± 0.01 which corresponds to a fixed hydrostatic bias of 1 − b = 0.8, and σ 8 (Ω m /0.27) 0.3 = 0.764 ± 0.025, where 1 − b is allowed to vary in the range [0.7, 1.0]. This is compatible with other determinations using cluster counts selected using the SZ effect [23, 24] and in other wavebands [25, 26] .
• CFHTLens and CMB lensing from Planck and SPT: We will use two types of weak lensing measurements that we will denote as "lensing" in the subsequent discussion. The first is the coherent distortion of galaxy shapes, sometimes called cosmic shear, measured by the Canada France Hawaii Telescope Lensing Survey (CFHTLenS) [27] . In this analysis we have used the tomographic blue galaxy sample, which was shown in [28] to have an intrinsic alignment signal that was consistent with zero. This eliminates the need to marginalise over any additional nuisance parameters. The cosmic shear correlation functions are estimated in six redshift bins, each with an angular range 1.5 < θ < 35 arcmin. We have tested this dataset gives consistent results to the 2D data used in our previous work [29] . As in that analysis, we correct the power spectrum on non-linear scales using the Halofit fitting formulae [30, 31] , which has been shown to be accurate enough to use with massive neutrinos [32] . In addition to cosmic shear we use measurements of the lensing of the CMB. This has been detected over a wide range of scales and we use reconstructions from Planck [33] and SPT [34] .
• Redshift space distortions from BOSS (RSD): When non-linear effects are taken into account it is possible to garner information on RSD and the Alcock-Paczynski (AP) effect from the anisotropic galaxy power spectrum in redshift space. Modelling this involves introducing distortion parameters to account for the anisotropy caused by the deviation from the fiducial cosmological parameters used to convert galaxy redshifts from that of the real cosmology. The Alcock-Paczynski effect is sensitive to
whilst the BAO signal measures
where α and α ⊥ are the scaling factors along the line-of-sight direction and perpendicular to it respectively. D eff A (z), H fid (z) and r fid s (z d ) are fiducial values of the angular diameter distance, the Hubble parameter and the distance to the sound horizon during the drag epoch. Using F AP (z eff ) and D V (z eff )/r s (z d ) the degeneracy between D A (z) and H(z) is broken. Finally, the relative amplitude between the monopole and the quadrupole constrains the growth rate f (z)σ 8 (z). For BOSS DR11 RSD measurements, these parameters and their covariance estimated with k max = 0.20h Mpc We use these intermediate data products in our Markov Chain Monte Carlo (MCMC) analysis. The RSD results have also been shown to be accurate enough to use with models with non-zero neutrino mass [36] .
Implementation of the RSDs and the use of the tomographic lensing data from CFHTLenS are the improvements over the previous analysis presented in [11] . We also consider the more conservative Planck SZ result obtained with 1 − b = [0.7, 1.0], where previously this was fixed at 1 − b = 0.8 in [11] . We note that the impact of RSD data on constraints on massive neutrinos was considered in [36] . There the CFHTLenS data was implemented via a prior in the σ 8 − Ω m plane and the impact of clusters was not considered. Qualitatively our results are compatible with those presented in that paper.
The remainder of the paper is organised as follows. In section II we will make the case that there is a tension between the CMB and LSS measurements and then in III we perform an extensive study of neutrinos as its resolution. In section IV we consider a number of alternative explanations before providing discussion in section V and concluding in VI.
II. CASE FOR A TENSION BETWEEN MEASUREMENTS OF THE COSMIC MICROWAVE BACKGROUND AND LARGE-SCALE STRUCTURE
In this section we will make the case that there is a discrepancy between CMB measurements and those from LSS. Note that this is a model independent statement within the context of ΛCDM. We will do this by first considering each of the individual LSS data. The observed SZ cluster counts are a factor ∼ 2 lower than would be expected in the cosmological models preferred by CMB data [16] and it was shown in [11] that both the cosmic shear and CMB lensing data are systematically low compared to the same expectations. In Fig. 1 we present a similar visual illustration of the discrepancy between the allowed Planck cosmologies and the RSD data. Here the theoretical RSD multipole power spectra were computed according to the same procedure as in [35] . First, corrections to the linear CAMB [37] power spectrum were applied at 2-loop order using the RegPT code [38] . The anisotropic galaxy power spectrum was then modelled using the prescription in [39] , which includes corrections due to the coupling between the density and velocity components. Next, we apply bias corrections to the density field according to [40] , and finally, apply window functions for the North and South Galactic Caps (NGC and SGC respectively). In Fig. 1 Fig. 2 we show the results of constraining a 5 parameter model with parameters p = {Ω b h 2 , Ω c h 2 , Θ MC , A S , n S } using LSS data only (note that τ R plays no role in LSS observables). We also note that, following [16] , we fix m ν = 0.06 eV within the ΛCDM in order to satisfy the results from oscillation experiments. Initially we use the individual LSS measurements: SZ cluster counts, with the more conservative choice 1 − b = [0.7, 1.0], lensing and RSD, in conjunction with the well determined Planck priors Θ MC = 1.04131 ± 0.00063 and n S = 0.9603 ± 0.0073 [16] to avoid over-fitting the model. We then combine the three together to create a joint LSS constraint (which we will denote as "LSSall" in subsequent sections) that yields σ 8 = 0.7946 ± 0.0094 and Ω m = 0.2610 ± 0.0093.
Visually it is clear that the 1σ limits of the three LSS datasets are in agreement with each other, and that the joint constraints appears to be mainly driven by the lensing data. In Fig. 3 this is compared with constraints on the standard 6 parameter ΛCDM model from CMB data. These give σ 8 = 0.825 ± 0.012 and Ω m = 0.309 ± 0.011 for Planck+WP+BAO and σ 8 = 0.827 ± 0.017 and Ω m = 0.299 ± 0.012 for WMAP+highL+BAO. It is clear that there is a discrepancy between the joint LSS constraint and that from CMB+BAO, that is stronger for Planck + WP, but is still significant for WMAP+highL.
Comparing the likelihoods of the difference between LSSall and Planck +WP+BAO for the 5 parameter model allows us to quantify the degree of tension between the data, which we find to exceed 5σ. To calculate this we find the mean and covariance of the 5 parameters by integrating along each dimension of the 5D parameter space. The difference in the means is found and the covariance matrices combined such that a multivariate normal distribution can be sampled to form a probability distribution function (pdf). Integrating the 5D volume inside the contour formed by taking the value of the pdf when the difference in the means is zero gives the confidence level of the amount of tension [41] .
There is a prima facie case that the CMB and LSS measurements discussed in this paper are in tension, at a level surpassing 5σ. As presented here it is a model independent statement that the measurements of the CMB, that are dominated by large-scales, are incompatible with smaller scale measurements, quantified by σ 8 , from LSS. The fact that there are three separate LSS measurements that are all mildly incompatible with the CMB, but are sufficiently compatible with each other to provide a coherent constraint on small-scales, builds confidence that this could be a real phenomenon. In subsequent sections we will investigate possible modifications to the model that would provide a resolution to this tension.
III. INCLUSION OF NEUTRINOS
The inclusion of a neutrino component in the cosmological model can reduce the amount of power on small scales for a given large-scale normalisation, A S . This is true both in the case of active neutrinos that correspond to the mass eigenstates of the standard three flavours and also for a sterile neutrino, which evades the strong bound on the number of neutrino species from particle physics experiments by not being involved in weak interactions.
A. Active neutrinos
The inclusion of active neutrinos is modelled by the addition of a single parameter, m ν , assuming that this is distributed equally amongst the 3 species of massive neutrino. This approximates a degenerate hierarchy with m 1 = m 2 = m 3 = m ν /3, which is true for large m ν , as is the case in the models we will find gives rise to the best fit to the data. Within the currently constrained limits, such models affect structure growth on small scales and the primary anisotropies of the CMB. A detailed description of these effects can be found in [42] [43] [44] [45] ; here, we present a brief description of the salient features.
There is little difference between massive (with m ν 0.5 eV) and massless neutrinos in terms of their effect on pre-recombination dynamics -both the background and of perturbations -since they are relativistic at recombination in both cases. The differences that do arise are due to the ratio of the angular diameter distance to last-scattering, D A (z * ), to the sound horizon at last-scattering, r s (z * ), which sets the angular scale of the CMB acoustic peaks. As the mass of the neutrino increases, D A (z * ) decreases, last-scattering appears closer and anisotropies are shifted to larger angular scales [45] . There is a degeneracy in the effect on the CMB primary anisotropies between dark energy density and massive neutrinos in flat space, in addition to a difference in the Hubble constant, but this degeneracy is broken by several effects including the late-time integrated-Sachs-Wolfe (ISW) effect (see [46] [47] [48] for more details). The CMB primary anisotropies are affected via the back-reaction on the metric perturbations from the stress-energy of neutrino perturbations. The size of the effect on the CMB is
2 ]ρ ν /ρ tot where ρ ν is the energy density per species of massless neutrino. For neutrino mass scales relevant to this analysis, changes in the CMB should be ∼ 0.1% as found in [45] where they used m ν = 0.37eV. Massive neutrinos also reduce structure growth on small scales compared to massless neutrinos. Neutrinos cluster on scales above their free-streaming length -for a non-relativistic transition in matter domination the free-streaming length is λ FS (z) ∝ a 1/2 (see, for example, [43] ) and therefore the comoving free-streaming length decreases with time. The growth of structure is reduced since neutrinos whose Fourier modes are inside the comoving horizon at the non-relativistic transition cannot cluster until they leave the shrinking comoving free-streaming length. There is suppression in the matter power spectrum on smaller scales due to the massive neutrinos which are currently within the comoving free-streaming length. This is found to have scale-free fractional suppression of ∼ −8f ν where
We present the equivalent of the two plots in Fig. 3 in the left-hand panels of Fig. 4 when m ν is allowed to vary. There is a significant reduction in the tension between the combined LSS constraint (green contours) and the CMB observations from WMAP+highL+BAO (purple contours). It appears that there is still a tension in the case of Planck +WP+BAO (orange contours) although this is weaker than in the case when m ν is fixed to 0.06eV. We will quantify this residual tension below.
Comparing Fig. 3 to Fig. 4 suggests that inclusion of m ν as a parameter might resolve the discrepancy highlighted in section II. We have performed such analyses for a wide range of data combinations and the range of marginalised constraints on m ν are presented in Fig. 5 . We studied both the case where the CMB data used comprises Planck +WP (black) or WMAP+highL (red). As one goes down the page the number of LSS datasets included increases. When one is included there is a preference for non-zero m ν , but the significance is low and only 95% upper bounds can be imposed. However when two or more LSS datasets are included one can infer constraints such that m ν > 0 at significance levels of around 3 − 4σ. The combination of CMB+BAO+lensing+SZ (with 1 − b = 0.8) was studied in [11] . The numbers presented here are compatible with those, even though we now use the 6-bin CFHTLenS data, and moreover they are compatible with CMB+BAO+lensing+RSD which does not include any potentially uncertain measurement from SZ clusters.
Given the three way agreement between the LSS data it seems reasonable to combine them and consider Planck +WP+LSSall (where LSSall uses the more conservative SZ prior of 1 − b = [0.7, 1.0]) as the headline result from this paper. The 1D marginalised likelihoods for m ν are presented in Fig. 6 for Planck +WP plus permutations of 2 LSS datasets. The full set of fitted parameters are presented in the 2nd column of Table I . For the combination of Planck +WP+LSSall we find that m ν = (0.357 ± 0.099) eV compared to a 95% upper limit of m ν < 0.258 eV for Planck +WP+BAO. The largest change in the other fitted parameters is a ∼ 1.6σ shift in Ω c h 2 . As expected the fitted value of σ 8 shifts from 0.818 ± 0.023 to 0.749 ± 0.019 when LSS is included, but the value of Ω m actually increases by around 1σ, presumably since the massive neutrinos contribute to it.
The high values of m ν are not favoured by the Planck +WP+BAO data: values of m ν for Planck +WP+LSSall are in tension with the upper limit from Planck +WP+BAO. As discussed in [11] , this can be quantified by performing the analysis using two different neutrino masses and considering the statistics of the difference. To be concrete, in the MCMC analysis we assume two masses, m CMB ν and m LSS ν , and calculate all observables (CMB power spectra, lensing convergence etc.) for each. For any CMB data we use the observables calculated using m CMB ν
, and for any LSS data we use the observables using m performed such an analysis and find ∆M = 0.32 ± 0.13 eV, i.e. non-zero at the 2.5σ level. This quantifies the extent to which the active neutrino model is in tension with Planck data.
B. Sterile neutrinos
There are a host of anomalies from short baseline neutrino oscillation experiments which may be solved by the addition of a sterile neutrino. Firstly the LSND experiment [50] observes an excess ofν e candidates, suggesting the oscillationν µ → ν s →ν e where the mass of the sterile neutrino is constrained to ∼ 1 eV by the KARMEN [51] and Bugey [52] experiments. The MiniBooNE experiment [53] , as well as testing the LSND signal, also detects an excess of ν e from the neutrino mode rather than anti-neutrino mode. Although the neutrino mode does not completely agree with the expected sterile neutrino signal, there are several explanations due to the method of detection [54] . Reactor anomalies detect a 6% lower rate of electron anti-neutrinos than is expected, which can be interpreted as neutrino oscillations with a 1 eV sterile neutrino [55] . Lower event rates of ν e + 71 Ga → 71 Ge + e − than expected can also be explained by 1 eV sterile neutrino oscillations, solving what is known as the Gallium anomaly [56] .
Recently, joint analysis using cosmological and short baseline data has been carried out for models with both one and two added sterile neutrinos [57] . The addition of short baseline data in the form of priors on the cosmological data lowers the mass of the sterile neutrino, in a single sterile neutrino model, to the m sterile ∼ 1 eV range at high significance. A model with two added sterile neutrinos is generally not allowed since this leads to a universe with too much radiation [58, pg. 163] .
The standard approach to modelling sterile neutrinos is to introduce two new parameters into the fitting process. The first is an effective neutrino mass, m Comparison of the the 1D marginalised value mν and 1σ errors for a wide range of LSS data combinations with CMB data. The CMB data used is Planck +WP (black) or WMAP+highL (red). In some cases there is clearly only an upper bound, but as the number of LSS datasets included increases the constraint stabilises to a non-zero value with a significance of around 3 − 4σ. It is clear that preference for non-zero mν is not dependent on this choice when two or more LSS datasets are included. Moreover, it is clear that there is a preference for non-zero neutrino mass without including SZ data.
freedom, ∆N eff , such that N eff = 3.046 + ∆N eff . In this case the active neutrinos are modelled as 1 massive neutrino with m ν = 0.06 eV and 2 massless neutrinos, which would accurately model a normal hierarchy with m 1 < m 2 m 3 . The cosmological results are not very sensitive to this assumption on the structure of the neutrino active sector. The density of sterile neutrinos is given by
In the MCMC analysis we impose a prior m eff sterile /∆N eff < 10 eV, as used in the Planck analysis [16] , since sterile neutrinos with large effective masses become degenerate with cold dark matter.
This parameterisation encompasses a wide of range of possible models for sterile neutrinos, which are typically formed in the early Universe by oscillations. Two possible scenarios that have been widely discussed in the literature are:
1. "On resonance" oscillations in the Dodelson-Widrow model [59] . In this case the sterile neutrinos have the same temperature as their active counterparts and are formed via oscillations when there is no lepton asymmetry and the mixing angle is small. Under the assumption that neutrino decoupling is instantaneous, the distribution function for the neutrinos is In this case ∆N eff is a constant, which is not necessarily an integer, and the true mass is given by m sterile = m eff sterile /∆N eff . 2. "Off resonance" oscillations leading to a thermal scenario [60] . The distribution function is standard Fermi-Dirac with thermal temperature T sterile , given by
where T ν is the thermal temperature of the active neutrinos. ∆N eff , again not necessarily an integer, quantifies the level of thermalisation with ∆N eff = 1 corresponding to the complete thermalisation, for one species of sterile neutrino, with T sterile = T ν . The thermal mass of the neutrinos is given by
In the previous section on active neutrinos we performed a detailed analysis of a wide range of LSS data combined with CMB data from Planck +WP or WMAP+highL. We found that the combination of CMB and 2 or more LSS datasets leads to consistent conclusions. We find similar results for the sterile neutrino case, so when presenting the results we will restrict our attention to this limited range of possibilities.
The middle panel of Fig. 4 illustrates the impact of including m eff sterile and ∆N eff as parameters on the constraints in the σ 8 − Ω m and H 0 − Ω m plane for various data combinations. As with the case of active neutrinos there is clear evidence that inclusion of sterile neutrinos can ameliorate the discrepancy highlighted in section II. In Fig. 7 we present the results of joint CMB and LSS analyses. There is a consistent picture for a range of combinations of these data suggesting a non-zero value for m eff sterile . Using Planck +WP+LSSall we find that m eff sterile = (0.67 ± 0.18) eV and ∆N eff = 0.32 ± 0.20 -marginalised parameters are presented in Table I . This corresponds to a significant preference for the sterile neutrino model using the joint likelihood.
It was pointed out in [11, 12] that the extra degree of freedom due to ∆N eff allowed for a best-fitting value of H 0 more compatible with low redshift measurements, for example, using Cepheids [15] . This is due to the degeneracy between ∆N eff and H 0 . However, with the inclusions of RSDs an even lower value of σ 8 is preferred (see Fig. 2 ). Due to the σ 8 − H 0 degeneracy the result is a lower value of H 0 more closely aligned with the Planck+WP value.
As with active neutrinos, the improvement in the likelihood when including the extra parameters comes at a price; the Planck component of the likelihood is increased by ∆χ 2 ≈ 4. This is less problematic than in the case of active neutrinos since the extra freedom from N eff allows a better fit to the CMB, but it is still unsatisfactory. We perform a similar analysis to quantify the residual level of tension. In the MCMC we define CMB parameters, m is then constructed, and it is found that both parameters are non-zero at the 1.6σ level.
IV. ALTERNATIVE EXPLANATIONS
In the previous sections we have first made the statement that there is a strong case for a tension between CMB and LSS measurements, and we have studied in detail their possible resolution using massive neutrinos, both active and sterile. An obvious question that arises, particularly since we have already pointed out that massive neutrinos only partially resolve the discrepancy: is there a better modification to the standard cosmological model that might accommodate the two types of data? In this section we make a non-exhaustive survey of other possible explanations.
A. Ignore WMAP polarization data
The measurement of the E-mode polarisation on large-scales by WMAP is crucial in all the previous analyses. The CMB temperature anisotropies constrain the parameter combination A S e −2τR in the absence of the ISW effect and this requires a measurement of polarisation on large scales to infer τ R and hence allow A S to be deduced independently. The small-scale amplitude σ 8 is a derived parameter and is sensitive to all the cosmological parameters, but it is ∝ √ A S . If τ R were lower than the τ R = 0.091 ± 0.013 as required by Planck +WP then σ 8 would reduce ∝ e τR . In particular a reduction of σ 8 from ≈ 0.83 as suggested by CMB measurements to ≈ 0.78, which is closer to the value preferred by the LSS measurements, would require τ R to be reduce from ≈ 0.09 to ≈ 0.05. Of course, this would require the WMAP polarisation measurement on large scales to have been misinterpreted. However, this is the regime where instrumental systematics and foreground subtraction are most difficult and therefore it seems at least sensible to consider such a possibility.
For the moment, in order to illustrate the point that the LSS measurements can be used to fix τ R in the absence of the a large scale polarisation measurement, we have removed WP from the likelihood and fitted the standard ΛCDM model to the Planck +LSSall data. The results of doing this are presented in the final column of Table I and can be compared to the same using Planck +WP data in the adjacent, 5th column. The marginalised distributions for τ R are presented in Fig. 8 . For Planck +WP we find narrow range of values of τ R , but for Planck +LSSall the likelihood distribution for τ R is much wider and τ R = 0.049 ± 0.021. As with the both the active and sterile neutrino case, the improved fit to the LSS data leads to a degradation in the fit to the Planck temperature data quantified by ∆χ 2 ≈ 6. It is clear that the Planck data has a preference for τ R ∼ 0.1 but this is not sufficiently strong to prevent the LSS dragging it to lower values in order reduce σ 8 .
The lower value of τ R corresponds to a redshift reionization of z re = 6.91 ± 2.20 for Planck +LSSall, much lower than the value of ≈ 11 preferred by Planck +WP. However, such values might be considered desirable in the context of astrophysical constraints on reionization. Light from quasars show Lyman-α absorption, due to neutral hydrogen in the intergalactic medium, at a range of frequencies depending on the redshift. The Lyman-α forest is more greatly populated for larger redshift quasars, but at z ∼ 6 all electromagnetic radiation flux below the Lyman-α forest drops to zero, known as the Gunn-Peterson trough [61] . This effect is due to a large fraction of neutral hydrogen, hence indicating the boundary at the end of reionization. A complete Gunn-Peterson trough can be seen in objects such as a quasar at z = 6.28 [62] . Objects at even lower redshifts, z ∼ 5.5, are seen to have partial Gunn-Peterson troughs suggesting that the end of reionization was patchy [63] . These redshifts are much lower than the predicted redshifts for the beginning of reionization from WMAP polarisation data. Reionization is generally modelled as a step in the ionisation fraction, which must be a double step when taking the beginning and end of reionization at different redshifts [64, 65] , but the lower value of τ R ∼ 0.05 allows for a single step or a smooth transition from beginning to end.
We again quantify the residual tension between the parameter value preferred by LSS compared to Planck by introducing τ , is non-zero at 2.1σ. Therefore, although Planck temperature data is more compatible with the τ CMB,TE R than the active neutrino equivalent, one should also bear in mind the combined fit to CMB+LSS data of the varying τ R model is slightly worse. . Using WP to constrain τR leads to a narrow distribution of values centred on 0.09 whereas using the LSS data favours a much lower value, albeit with a wider distribution.
B. Modifications to the primordial power spectrum
The inclusion of massive neutrinos reduces the amount of small-scale power relative to large-scales in the observed matter power spectrum. One obvious possibility that needs to be considered is whether such an effect can be created using a simple modification to the initial power spectrum of adiabatic perturbations, P i (k). Within the ΛCDM model this is
nS where we fix k pivot = 0.05 Mpc −1 . Similar endeavours have been made previously in the literature, as in [66] , where the primordial power spectrum is modified via the application of a set of "top-hat" steps or a "sawtooth" shaped function to the original power spectrum. This was done as an attempt to explain specific features which could not easily be explained by a power law, P i (k) ∝ k n , such as a bump-like feature in the CMB at k ∼ 0.004 h Mpc −1 [67, 68] , a step-like feature between k ∼ 0.06 − 0.6 h Mpc −1 [69] and a dip at k ∼ 0.1 h Mpc −1 [70] . Inflationary features can be included by modifying the primordial power spectrum.
Step-like features in particular can be caused by interacting scalar fields which, in turn, cause localised oscillations in the CMB which can provide a better fit to data than a featureless power spectrum [71] [72] [73] .
We will consider modifications to the primordial power spectrum that can mimic the effects of including massive neutrinos. In particular, the specific form that we will use is
where α determines the magnitude of the overall suppression and β and δ control the position and rate of the turn over, respectively. For example, we find that α = 0.14, β = 20 Mpc and δ = 5 mimics the matter power spectrum of an active neutrino model with m ν = 0.3 eV. Note that having the same observed matter power spectrum does not imply that the CMB power spectrum will be the same. A similar form of modification to the primordial power spectrum was proposed in [74] , which examined how binning the primordial spectrum can produce features similar to Starobinsky inflation [75] . They find that a sharp transition is equally as probable as a smooth transition, since δ is unconstrained from below.
After marginalisation we find α = 0.32 ± 0.11, β = 5.96 ± 0.70 Mpc and δ = 1.24 ± 0.11 with best-fits α = 0.20, β = 6.76 Mpc and δ = 1.12. The combined likelihood is improved in comparison to the addition of sterile and active neutrinos by ∆χ 2 ≈ 1 and by ∆χ 2 ≈ 11 respectively, which can be attributed to a better fit to Planck temperature data. The Planck data has a "dip" at around = 1800 which corresponds with a residual systematic feature due to incomplete 4K line removal [16] . It is possible the modified P (k) model fits this feature better, as seen by the reduction in power around = 1800 in the right-hand panel of Fig. 9 . The modified P (k) model fits LSS data as well as the neutrino models.
Given the fact there is a reduction in power for 2000, we have also performed a run with Planck+WP+LSSall+highL. We find the shape of the tanh function remains similar with ACT+SPT data, β = 6.00 ± 2.51Mpc and δ = 0.92 ± 0.48, but the amplitude, α = 0.111 ± 0.083, is tightly constrained. Therefore, it appears that this model can be excluded on the basis of a poor fit to very small scale CMB data. (ii) sterile neutrinos (green); (iii) modified P (k) (blue). (Right) Equivalent for the CMB temperature power spectrum. The overlayed dotted lines show the best fit results for each model. Power is reduced on small scales compared to large scales for each of the modifications to ΛCDM, but the modified primordial power spectrum boosts power on large scales compared to ΛCDM, whilst active neutrinos reduces it. The C l s for the modified primordial power spectrum and active neutrinos differ from ΛCDM at low multipoles by around 5%, and the modified P (k) model also dips at around = 1800, causing a mildly better fit to the Planck data than ΛCDM.
V. DISCUSSION
A. Varying the lensing parameter, AL Weak lensing has two effects on the CMB: the first is an additional contribution to the angular power spectrum, the second is a non-Gaussian effect that has an impact on the higher-order moments. This latter effect is used in the reconstruction that had already been part of our analysis. One odd effect that has been documented in the Planck analysis (the result being more significant when including highL data) is that, when one adds a phenomenological parameter such that
, with A L = 0 corresponding to an unlensed model and A L = 1 the physical result, one finds A L = 1.23 ± 0.11 [16] (Planck +WP+highL) which is ∼ 2σ away from the expected value. The reasoning behind this high value of A L being favoured is a mystery.
We have investigated the impact of varying of A L on the models considered in Table I and the equivalent results are presented in Table II . We see that larger values of m ν and m eff sterile are allowed for Planck+WP due to the degeneracy with A L . However, when including LSSall, the fit to the Planck component of the likelihood is still degraded, although this is less severe for active neutrinos than when A L = 1. With LSSall, the significance of the active neutrino result increases to m ν = (0.420 ± 0.097) eV, but for a sterile neutrino the mass decreases, such that m 
B. Bayesian evidence
Another way of quantifying the plausibility of two models, M 1 and M 2 , is Bayesian evidence. This takes into account relative sizes of the model spaces allowed, penalising complicated models with large number of parameters and a significant amount of freedom and favouring simpler models. Prima facie this sounds like a very positive concept. However, in practice it is, as we will see, sensitive to the choice of priors. Typically when a likelihood approach prefers the inclusion of the parameter at > 3σ, the use of Bayesian evidence will come to the same conclusion. Table I when the amplitude of the lensing contribution the CMB temperature power spectrum, AL, is allowed to vary. The data combinations are defined in Table I and Table I and τR is lower in the final column.
The Bayes factor quantifies the relative plausibility of two models with the same a priori probability
where P (M |d) is the conditional probability of a model being correct given the data, d, and P (M ) is the probability of the model being correct [77] . The model probabilities are usually normalised such that P (M 2 )/P (M 1 ) = 1. When M 1 ⊂ M 2 then the Savage-Dickey density ratio can be used to simplify the Bayes factor (see e.g. [78] for details)
where ψ are the additional parameters in the extended model and ψ 1 are their fiducial values in the nested model. Therefore, in order to calculate Θ one only needs the parameter posterior likelihood for the extended model and the probability defined by the prior at the value the parameter would have in the base model. The inclusion of active neutrinos can be seen as an addition to ΛCDM and as such ψ = m ν and M 2 is ΛCDM+ m ν . Recall that in the vanilla ΛCDM model m ν is set to 0.06eV. The normalised posterior likelihood, P ( m ν |d, ΛCDM + ψ) is taken from the MCMC runs, and we assume a prior range of m ν = [0, 3] eV. For d = Planck +WP+LSSall we find that log(Θ) = −1.8 implying that a model including active neutrinos is preferred over plain ΛCDM by odds of around 6 : 1. This represents reasonably strong evidence on the Jeffrey's scale [79] . If instead of the prior [0, 3] eV, which is not unreasonable but is also not compelling, we use [0, 1] eV or [0, 10] eV, we find that log(Θ) = −2.9 and −0.6 respectively. This illustrates the point about reading too much into the Bayesian evidence as opposed to the likelihood approach: each of the priors is not unreasonable, but the odds of the more complicated model varies from 18:1 to 2:1! The best way to think of the evidence is as another way of quantifying the results of a likelihood analysis rather than as an objective method for distinguishing between models. Fig . 10 shows the value of the log of the Bayes factor when a Gaussian probability is assumed with some flat prior,
where σ is the standard deviation, x is the mean mass, x 0 is the fiducial mass and P Prior is the prior range normalised to 1. For ΛCDM + m ν then x = 0.06eV and with the prior [0, 3] eV, P Prior = 1/3. One can see that, for m ν = 0.357 ± 0.099 obtained from Planck +WP+LSSall, the value of the Bayes factor is ln(Θ) ∼ −2 and has between 3-4σ significance (red and light blue lines). As such, not only are the Bayesian statistics showing reasonably strong odds, but so is the statistical likelihood. If the prior range is changed to some larger value, the Bayes factor becomes larger and starts supporting no change from standard ΛCDM, but the statistical likelihood would continue to show that active neutrinos are significant within the 3-4σ range.
The sterile neutrino case is slightly more complicated as there are two extra parameters, so that ψ = (m . Again using d = Planck +WP+LSSall then log(Θ) = −2.67, which strongly supports the addition of sterile neutrinos over ΛCDM. This is in contrast to the values presented in [80] . For a similar data combination they find that log(Θ) ≈ 1. Since they use a similar prior range, m sterile eff = [0, 3] eV, it appears that the discrepancy is due to the posterior likelihood for m sterile eff . Although no specific numbers are presented, it is clear from the right-hand panel of Fig. 1 in [80] that their constraint is much weaker than the m sterile eff = 0.67 ± 0.18 we report here. We note that our numbers are compatible with those presented in [11] [12] [13] all of which suggest ∼ 4σ preferences for sterile neutrinos, albeit for slightly different data combinations.
C. Active neutrino mass hierarchy
Cosmological limits on m ν for active neutrinos are important since they can be combined with square differences between the neutrino masses obtained from atmospheric, ∆m equations are plotted with crosses and the inverted with circles. Planck +WP+BAO predicts the mass of three active neutrinos to be < 0.258 eV with m ν3 greater than m ν1 and m ν2 indicating that, if this limit is correct, then a "normal" hierarchy is preferred, although "inverted" or "degenerate" hierarchy are by no means excluded. The preferred masses are m ν1 = (0.022 ± 0.028) eV, m ν2 = (0.031 ± 0.021) eV and m ν3 = (0.059 ± 0.013) eV. The same is true when looking at the inverted hierarchy equation, where clear preference is seen for "inverted" whilst "normal" and "degenerate" hierarchies are not ruled out. The masses in this case are m ν1 = (0.036 ± 0.028) eV, m ν2 = (0.048 ± 0.020) eV and m ν3 = (0.018±0.024) eV. Interestingly, when looking at the inverted hierarchy equation, m ν1 is unbounded from below like m ν3 is whereas m ν3 is statistically unlikely to have zero mass in the normal hierarchy case, perhaps suggesting slightly more preference for normal hierarchy. Planck +WP+LSSall predicts m ν = (0.357 ± 0.099), eV which is more consistent with a degenerate hierarchy for both the normal and inverted equations. The preferred masses in this case are m ν1 = (0.115 ± 0.034) eV or m ν1 = (0.123 ± 0.032) eV, m ν2 = (0.116 ± 0.034) eV or m ν2 = (0.123 ± 0.032) eV and m ν3 = (0.126 ± 0.031) eV or m ν3 = (0.111 ± 0.036) eV for normal and inverted equations respectively. Each indicate more than 3σ preference for non-zero neutrino mass. We note, however, there is strong correlation between the probability distribution for each eigenstate. In both the normal and inverted hierarchy cases the masses appear to be more or less degenerate. We are unable to say, with any certainty, which hierarchy is preferred from our results, the constraining power of which is most likely to come from neutrino oscillation experiments, but in general, the higher the summed neutrino mass the more degenerate each mass eigenstate becomes.
VI. CONCLUSIONS
We have found a tension in excess of 5σ between the observations of Planck and lensing, SZ cluster and RSD data. Moreover, this is:
1. still significant when using WMAP+highL instead of Planck; 2. still significant when excluding SZ cluster counts and only using lensing and RSD data.
An obvious candidate to alleviate this tension are massive neutrinos, either active or sterile. We find that the addition of three active neutrinos, with a combined mass of m ν = 0.357 ± 0.099eV, or a sterile neutrino with m eff sterile = 0.66 ± 0.18eV and ∆N eff = 0.32 ± 0.21, helps reduce the discrepancy to the ∼ 2σ level. The residual tension is at the expense of a degraded fit to Planck data, which doesn't favour such neutrino masses. Therefore, although there is significant preference for modifications to the neutrino sector over ΛCDM, the solution isn't perfect.
We have also discussed alternatives, such as modifications to the reionization history and primordial power spectrum. We find that if one ignores WMAP polarization, LSS prefers a lower value of τ R = 0.049 ± 0.021. This might be attractive astrophysically as it agrees with the end of reionization from the discovery of a complete Gunn-Peterson trough at z = 6.28. However, this model also suffers problems: one would need to understand any systematics in the WMAP polarization measurements which would suggest higher τ R , and the Planck temperature data is also somewhat inconsistent with lower values of τ R . We have found that a modified power spectrum model can also reduce small scale power, and indeed the global fit to Planck+LSS data is better than the neutrino model. However, this model is somewhat ad-hoc and more importantly, seems to be excluded with the addition of high data.
Looking forward, one can be optimistic that the origin of this tension will be resolved. Planck will soon release new data, including polarisation, which will fix the model preferred by the CMB to even higher accuracy. Planck will also provide improved lensing reconstruction maps, covering a larger range. It will also provide a larger catalogue of SZ clusters with improved determination of the mass bias. For RSD's we can soon look forward to the extended Baryon Oscillation Spectroscopic Survey (eBOSS) (see e.g. [82] for an overview), which will measure f σ 8 with an accuracy of 3.5% in several redshift bins to z = 2.2. The Hobby-Eberly Telescope Dark Energy Experiment (HETDEX) will also measure f σ 8 at high redshift, which an accuracy of 2% at z = 2.3. Both these experiments are expected to produce results within a few years. The Stage III (Dark Energy Task Force [83] ) galaxy weak lensing surveys are now underway and we can look forward to their first lensing results within the next year. The Kilo-Degree Survey (KiDS) has so far imaged about on fifth of its total of 1500 square degrees. The Dark Energy Survey (DES) has imaged about one fifth of its total of 5000 square degrees. The Subaru Hyper-Suprime Camera (HSC) has began it's coverage of 1000 square degrees to significantly greater depth. These will provide improved, independent results from CFHTLenS, in terms of the area on the sky and the shear pipelines. If, after this, tensions with the CMB still remain, we may look forward to the tantalising prospect of new physics. We have shown that modifications to the neutrino sector do not provide a perfect solution to the problem -other more exotic possibilities might include modifications to the dark sector of the Universe.
